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Abstract
The one-dimensional shallow water equations in Eulerian coordinates are considered. Re-
lations between symmetries and conservation laws for the potential form of the equations,
and symmetries and conservation laws in Eulerian coordinates are shown. An invariant dif-
ference scheme for equations in Eulerian coordinates with arbitrary bottom topography is
constructed. It possesses all the finite-difference analogues of the conservation laws. Some
bottom topographies require moving meshes in Eulerian coordinates, which are stationary
meshes in mass Lagrangian coordinates. The developed invariant conservative difference
schemes are verified numerically using examples of flow with various bottom topographies.
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1. Introduction
The one-dimensional shallow water equations in Eulerian and Lagrangian coordinates
are considered. The recent article [1] was devoted to the group symmetries and conservation
laws preservation in finite-difference modeling for the shallow water equations in Lagrangian
coordinates. The present article is devoted to the construction of invariant conservative
difference schemes for the shallow water equations in Eulerian coordinates.
The shallow water equations describe the flow below a free surface in a fluid. They
are commonly used to model processes in water basins, atmosphere, tidal oscillations and
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gravity waves [2–5]. In particular, one-dimensional shallow water equations are widely used
in modeling of transient open-channel flow and surface runoff.
The construction of nontrivial exact solutions of the shallow water equations is a rather
difficult problem even in the one-dimensional case (some exact solutions can be found in [5–
8]). The nonlinearity of the equations and the absence of their exact solutions emphasize
the importance of numerical modeling of the shallow water equations, which has been the
subject of many publications, e.g. [1, 9–16].
Depending on the problem studied, the shallow water equations are considered as in
Lagrangian coordinates associated with the movement of particles of the medium, or in
Eulerian coordinates associated with a fixed bottom. In [1], the authors considered the
equations in Lagrangian coordinates. The present paper is devoted to the construction
of invariant conservative difference schemes for the shallow water equations in Eulerian
coordinates.
Group analysis, based on fundamental theory by Sophus Lie [17–19], has proven to be
an effective tool to study equations of mathematical physics and continuous mechanics, to
investigate their qualitative properties, conservation laws and exact solutions [20–25]. In
particular, group analysis and the group classifications of the shallow water equations can
be found in [26–34]. Some extended nonlinear models (such as the Green–Naghdi equations)
were considered in [35, 36].
It turned out that many tools for group analysis of differential equations can be applied
to finite-difference equations [37–50]. An important peculiarity of group analysis in finite
difference spaces is the need to take into account the nonlocality of difference operators and
the geometry of difference meshes [39, 47]. Invariant finite-difference schemes, i.e. difference
equation and a mesh, being constructed by means of difference invariants, admit the same
symmetries as their differential counterparts. They can also possess difference analogues of
conservation laws and difference invariant solutions [1, 51–53]. Invariant difference schemes
of ordinary differential equations can be also reduced and completely integrated in certain
cases [47, 54, 55]. The finite-difference analogues of Lagrangian and the Hamiltonian for-
malism were developed in [41, 42, 56] and [56, 57]. Moreover, absent the Lagrangian and
Hamiltonian, there is a more general approach based on the Lagrange operator identity and
adjoint equation method [58], the difference analogue of which was also developed in [50, 55].
An alternative “direct method” of local conservation law computation [59, 60] which em-
ploys Euler differential operators was adapted and applied to the case of finite-difference
equations in [1, 61, 62].
In the present paper the relationship between symmetries and conservation laws for the
potential form of the equations and symmetries and conservation laws in Eulerian variables
is studied. For equations in Eulerian coordinates with arbitrary bottom topography, an
invariant difference scheme is constructed. For some special bottom shapes, moving meshes
in Eulerian coordinates which are stationary meshes in mass Lagrangian coordinates are
needed. The developed invariant conservative difference schemes are tested numerically on
examples of flow over various bottom topography.
The paper is organized as follows. In Section 2 the shallow water equation in Eulerian
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coordinates are considered. Application of the Noether theorem to the potential form of the
shallow water equations yields conservation laws which can be transformed back to physical
variables in Eulerian coordinates. It Section 3, invariance of differential and finite-difference
shallow water equations considered for various special cases of bottom shapes when the
admitted symmetry group has an extension is presented. For some cases the simple uniform
orthogonal mesh is not applicable, and all spacial cases are collected in Table 2. Invariant
conservative difference schemes for an arbitrary bottom shape are constructed in Section 4.
In Sections 5 and 6 the numerical implementation of the obtained invariant schemes is
performed. The results are summarized in Conclusion.
2. Shallow water equation for Eulerian coordinates
The system of the one-dimensional shallow water equations with an uneven bottom
topography in Eulerian coordinates has the following form
ηt + ((η +H)u)x = 0, (2.1)
ut + uux + ηx = 0, (2.2)
where u(t, x) is the velocity of the particles in continuous medium, η(t, x) is the height of
the fluid over the chosen undisturbed level y0 (see Figure 1), and the bottom topography is
described by the function H = H(x).
Figure 1: The one-dimensional shallow water flow over uneven bottom. The variable ρ = η +H which is
introduced below describes the depth of the fluid.
One can reduce the linear bottom case (H(x) = kx, where k 6= 0 is constant) to the flat
bottom (H = 0) by the following change of variables [63]
t =
t∗
k
, x =
1
k
(
x∗ +
t2∗
2
)
, u = u∗ + t∗, η = η∗ − x∗ − t
2
∗
2
. (2.3)
In case of the flat bottom, it turns out that system (2.1), (2.2) possesses a especially simple
3
form. The hodograph transformation
x = x(η, u), xη = −ut∆ , xu = ηt∆ ,
t = t(η, u), tη =
ux
∆
, tu = −ηx∆ ,
∆ = ηtux − ηxut 6= 0
(2.4)
allows one to linearize [3, 64] the system and arrive at the following equations
xu − utu + ηtη = 0,
xη + tu − utη = 0.
The latter system is linear and has infinite number of symmetries, which means that
system (2.1), (2.2) also has this property.
2.1. Application of Noether’s theorem
In order to find conservation laws of system (2.1), (2.2), one can introduce a potential
function and derive a potential form of the equations. The potential form allows one to
represent the system as Euler–Lagrange equations for some Lagrangian, and then to obtain
conservation laws by means of Noether’s theorem.
One introduces the potential for equatios (2.1), (2.2)
u = wx. (2.5)
Then one has that
wtx + wxwxx + ηx = 0, (2.6)
or
Dx[wt +
w2x
2
+ η] = 0. (2.7)
An integration of the latte equation yields
[wt +
w2x
2
+ η] = K(t), (2.8)
where K(t) is an arbitrary function, which can be considered as zero (by means of a change
of variables). Equation (2.8) with K = 0 becomes
η = −wt − w
2
x
2
. (2.9)
Substituting η into equation (2.1), one arrives at the equation
− wtt − 2wxwtx + wxx
(
H(x)− wt − 3
2
w2x
)
+Hxwx = 0 (2.10)
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which possesses the following symmetries
X1 =
∂
∂t
, Xw =
∂
∂w
. (2.11)
Equation (2.10) is an Euler-Lagrange equation with the Lagrangian
L = w
2
t
2
−H(x)w
2
x
2
+
w4x
8
+ wt
w2x
2
. (2.12)
Now one can apply the Noether theorem to obtain conservation laws.
Using the translation symmetry
X1 =
∂
∂t
(2.13)
one finds the conservation law
Dt
[
w2t
2
−H(x)w
2
x
2
+
w4x
8
]
−Dx
[
−wt
(
−H(x)wx + w
3
x
2
+ wtwx
)]
= (2.14)
= wt(−wtt − 2wxwtx + wxx
(
H(x)− wt − 3
2
w2x
)
+Hxwx) = 0.
Returning to Eulerian coordinates by means of the substitution
wx = u, wt = −η − u
2
2
,
one has
Dt
[
−1
2
(
η +
u2
2
)2
−H(x)u
2
2
+
u4
8
]
+
+Dx
[(
η +
u2
2
)(
−H(x)u+ u
3
2
− u
(
η +
u2
2
))]
=
− 1
2
{Dt
[
u2(η +H) + η2
]
+Dx
[
u(η +H)(u2 + 2η)
]} = (2.15)
= −
(
η +
u2
2
)
(ηt + [(η +H)u]x)− u(η +H)(ut + uux + ηx) = 0.
The latter conservation law exists for any H(x) and coincides with the conservation law
found by direct method applied to system (2.1), (2.2) [30].
Applying Noether’s theorem to the symmetry
Xw =
∂
∂w
(2.16)
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one derives the conservation law
Dt[wt +
w2x
2
] +Dx[−H(x)wx + w
3
x
2
+ wtwx] = (2.17)
= −
(
−wtt − 2wxwtx + wxx
(
H(x)− wt − 3
2
w2x
)
+Hxwx
)
= 0.
In Eulerian coordinates this gives the original equation: equations:
Dt[−η] +Dx
[
−H(x)u+ u
3
2
− u
(
η +
u2
2
)]
= −(ηt + ((η +H)u)x) = 0. (2.18)
For some types of a bottom shapes, system (2.1), (2.2) possesses additional symmetries
for which Noether’s theorem cannot be applied. We will discuss it later.
3. Invariance of differential and finite-difference shallow water equations
In general, the Lie group of transformations admitted by system (2.1), (2.2) is highly
depend on the particular form of the bottom H. In case of an arbitrary bottom topogra-
phy H = H(x), equations (2.1),(2.2) admit the single generator
X1 =
∂
∂t
, (3.1)
which composes the kernel of the admitted Lie algebras.
The group classification of one-dimensional shallow water equations over uneven bottom
in Eulerian coordinates was performed in [29] (one can also find the corresponding group
classifications in Lagrangian coordinates in [30, 31]). Further we consider these results in
a more general form taking into account the equivalence transformations [20] which are
obtained below.
We seek for the group of equivalence transformations by considering the generator
Xe = ξt
∂
∂t
+ ξx
∂
∂x
+ ζu
∂
∂u
+ ζη
∂
∂η
+ ζH
∂
∂H
,
where ξt, ξx, ζu and ζη are functions of t, x and u, and ζH depends on t, x, u and H.
Performing the standard procedure [20, 26], one gets the following group of equivalence
transformations of system (2.1), (2.2)
Xe1 =
∂
∂t
, Xe2 =
∂
∂x
, Xe3 =
∂
∂η
− ∂
∂H
,
Xe4 = t
∂
∂t
+ x ∂
∂x
, Xe5 = x
∂
∂x
+ u ∂
∂u
+ 2η ∂
∂η
+ 2H ∂
∂H
.
(3.2)
One can easily check the involutions
x 7→ −x, t 7→ −t, and x 7→ −x, u 7→ −u (3.3)
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are also admitted by the system.
According to the group classification [29], the list of bottoms and the corresponding sym-
metries admitted by the shallow water equations up to the actions of the group of equivalence
transformations (3.2), (3.3), are provided in Table 1. In Table 2 the admitted symmetries and
conservation laws for the finite-difference schemes in Eulerian and Lagrangian coordinates
are given.
We seek for invariant finite-difference equations defined on simple orthogonal regular
meshes. For such equations it is necessary to preserve the following orthogonality and
uniformness conditions (see [47]) under the actions of the generators
D
+h
D
−h
(ξx) = 0, D
+τ
D
−τ
(ξt) = 0, (3.4)
D
+h
(ξt) = −D
+τ
(ξx), (3.5)
where D
±τ
and D
±h
are finite-difference differentiation operators
D
+τ
=
S
+τ
− 1
tn+1 − tn , D−τ =
1− S
−τ
tn − tn−1 , D+h =
S
+h
− 1
xm+1 − xm , D−h =
1− S
−h
xm − xm−1 ,
which are defined through the finite-difference shifts
S
±τ
(f(tn, xm, u
n
m, η
n
m)) = f(tn±1, xm, u
n±1
m , η
n±1
m ),
S
±h
(f(tn, xm, u
n
m, η
n
m)) = f(tn, xm±1, u
n
m±1, η
n
m±1).
The indices n and m are changed along time and space axes t and x correspondingly (further
we consider a 9-point stencil which is depicted in Figure 2). For brevity, the following
notation [65] is also used for the variables
(
tn, tn−1, tn+1;xm, xm−1, xm+1;unm, u
n
m−1, u
n
m+1, u
n−1
m , u
n−1
m−1, u
n−1
m+1, u
n+1
m , u
n+1
m−1, u
n+1
m+1;
ηnm, η
n
m−1, η
n
m+1, η
n−1
m , η
n−1
m−1, η
n−1
m+1, η
n+1
m , η
n+1
m−1, η
n+1
m+1
)
≡ (t, tˇ, tˆ;x, x−, x+;u, u+, u−, uˇ, uˇ−, uˇ+; uˆ, uˆ−, uˆ+, η, η−, η+, ηˇ, ηˇ−, ηˇ+ηˆ, ηˆ−, ηˆ+, )
(3.6)
and for their derivatives
ut = D
+τ
(u), utˇ = D−τ
(u), uttˇ = D
+τ
D
−τ
(u), ux = D
+x
(u), ux¯ = D−h
(u),
uxx¯ = D
+h
D
−h
(u), ηt = D
+τ
(η), ηtˇ = D−τ
(η), ηttˇ = D
+τ
D
−τ
(η), etc.
7
n 
m, n 
n+1 
n-1 
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Figure 2: 9-point stencil.
Most of the generators in Eulerian coordinates do not satisfy conditions (3.5). As an
example, consider the generators X14 and X
1
5 (see Table 2):
X14 : D
+h
(ξt) = D
+h
(0) = 0, D
+τ
(ξx) = D
+τ
(t) = 1,
D
+h
(ξt) 6= −D
+τ
(ξx), i. e., 0 6= −1,
(3.7)
and the generator X14 breaks orthogonality of the mesh. The same is true for the generator
X15 :
X15 : D
+h
(ξt) = D
+h
(
1
2
x− 3
2
tu
) 6= −D
+τ
(ξx) = −D
+τ
(
3
2
tη − 3
4
tu2
)
. (3.8)
(Actually, the orthogonality can hold for particular solutions u, η, but in general it evidently
does not hold). In a similar way one can verify that the generators X33 , X
3
4 , X
4
3 , X
4
4 , and,
in general, X1∞ break the mesh orthogonality as well.
Notice that for the arbitatry bottom case and for the cases ##5–7 (see Table 2), one
can construct invariant schemes on the uniform orthogonal mesh which admit the same Lie
algebra as the original differential system. Thus, it remains to consider the cases of flat,
linear and parabolic bottoms. Actually, the linear bottom case can be reduced to the case
of a flat bottom by the change of variables (2.3), so we further restrict our consideration to
the flat and parabolic bottoms.
Remark 3.1. One can check that the scalar product ~h · ~τ = 0 is not preserved by point
transformation (2.3):
~h∗ · ~τ∗ = −k
3
2
hτ(2t+ τ) 6= 0,
i.e., it does not preserve orthogonality of a mesh (see in Figure 3). This is the reason why in
the finite-difference space the group admitted in the flat bottom case does not coincide with
that for the case of a linear bottom.
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Figure 3: Transformation (2.3) (for k = 0.27) affects orthogonality of the mesh (in the (x, t)-space).
Left: the original mesh. Right: the transformed mesh.
3.1. Flat bottom case
Consider the following 5-parametric algebra which is admitted by the shallow water
equations with flat bottom
X1 =
∂
∂t
, X2 =
∂
∂x
, X3 = t
∂
∂t
+ x ∂
∂x
,
X4 = x
∂
∂x
+ u ∂
∂u
+ 2η ∂
∂η
, X5 = t
∂
∂x
+ ∂
∂u
.
(3.9)
One can see that the generator X5 does not satisfy criterion (3.5), i.e., the orthogonal
mesh is not invariant under transformation with this generator. Thus, one should look for
an invariant moving mesh in Eulerian coordinates. The finite-difference invariants of the
generators X1–X5 in 14-dimensional space
(t, tˆ, x, x+xˆ, xˆ+, u, u+uˆ, uˆ+, η, η+ηˆ, ηˆ+) (3.10)
are
xˆ+ − xˆ
h+
,
1√
η
h+
τ
,
1√
η
(
xˆ− x
τ
− u
)
,
1√
η
(u+ − u), 1√
η
(uˆ− u), 1√
η
(uˆ+ − uˆ),
ηˆ
η
,
ηˆ+
η
,
η+
η
,
(3.11)
where h+ = x+ − x and τ = tˆ− t, and notation (3.6) is used.
Let us choose an invariant moving mesh of the form
1√
η
(
xˆ− x
τ
− u
)
= 0
or, equivalently,
xˆ− x
τ
= u.
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In the continuous limit it corresponds to the evolution of the spacial variable x given as
dx
dt
= u, (3.12)
where
d
dt
= Dt + uDx (3.13)
is the Lagrangian operator of total differentiation with respect to t. The operator (3.13)
does not commute with Dx: [
d
dt
,Dx
]
6= 0.
Along with d
dt
we introduce two variables: a “density” ρ
ρ = H + η, (3.14)
which in our case is just η because of the flat bottom; and a new independent (mass)
coordinate s by means of contact transformation
ds = ρdx− ρudt, (3.15)
where ds is a total differential form, i.e.,
∂ρ
∂t
= −∂(ρu)
∂x
or ρt + (ρu)x = 0. (3.16)
We also introduce the following operator of total differentiation with respect to s:
Ds =
1
ρ
Dx. (3.17)
The operators d
dt
, Ds commute on the system (2.1), (2.2):[
d
dt
,Ds
]
=
[
Dt + uDx,
1
ρ
Dx
]
= − 1
ρ2
(ρt + (ρu)x)Dx = 0. (3.18)
Then, in the new variables system (2.1), (2.2) has the form
d
dt
(
1
ρ
)
−Ds(u) = 0, du
dt
+ ρDs(ρ−H) = 0, (3.19)
where H = 0 in the case under consideration.
Thus, we arrive at choosing the Lagrangian mass coordinates (t, s, u, ρ). When discretiz-
ing equations, an important advantage of Lagrangian mass coordinates is the possibility to
construct invariant schemes on orthogonal meshes (see also [1] for details).
Notice that a similar situation arises in the more general case of one-dimensional gas
dynamics — see [51].
Invariant conservative schemes for the case of flat bottom in Lagrangian coordinates and
in Lagrangian mass coordinates were constructed by the authors in the paper [1]. Invariant
schemes on adapting moving meshes for the flat bottom case were also considered in [10].
The schemes considered in [10] do not possess the conservation law of energy.
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3.2. Parabolic bottom case
In the parabolic bottom case, H = 1
2
x2, on stencil (3.10) one derives the following 10
invariants of the Lie algebra X1, X
3
2 , X
3
3 , X
3
4 (see #3 in Table 2)
I31 = tˆ− t, I32 =
xˆ+ − xˆ
h+
, I33 = ux, I
3
4 = uˆx,
I35 =
x2 + 2η
h2+
, I36 =
x2+ + 2η+
h2+
, I37 =
xˆ2 + 2ηˆ
h2+
, I38 =
xˆ2+ + 2ηˆ+
h2+
,
I39 =
(u+ x)e2τ − 2xˆeτ − u+ x
(e2τ − 1)h+ , I
3
10 =
2
h+
(
xˆ− x
τ1
− uˆ+ u
2
)
,
(3.20)
where it is denoted
τ1 = 2
eτ − 1
eτ + 1
=
2 sinh τ
1 + cosh τ
= τ +O(τ 3).
Using invariants I31 and I
3
10, one derives the following Lagrangian-type moving mesh with
flat time-layers
tˆ− t = τ = const, xˆ− x
τ1
=
uˆ+ u
2
. (3.21)
In a similar way, one derives a Lagrangian-type moving mesh for H = −1
2
x2, namely
τ = const,
xˆ− x
τ2
=
uˆ+ u
2
, (3.22)
where
τ2 =
2 sin τ
1 + cos τ
= τ +O(τ 3).
Thus, we again arrive at Lagrangian-type coordinates.
In the paper [1] the authors constructed conservative invariant schemes for the shallow
water equations both in Lagrangian (potential) coordinates and in mass Lagrangian coor-
dinates. Here we slightly modify one of the mentioned schemes in order to construct an
invariant conservative scheme for the parabolic bottom.
Recall (see [1, 31]) that in Lagrangian (potential) coordinates the one-dimensional shallow
water equations with the bottom H(x) have the form
xtt − 2xss
x3s
−H ′(x) = 0, (3.23)
where x = x(t, s) depends on the Lagrangian variable s.
In the parabolic bottom case H(x) = ±x2
2
, equation (3.23) reads
xtt − 2xss
x3s
∓ x = 0. (3.24)
Equation (3.24) possesses the conservation law of energy
d
dt
[
1
xs
+
x2t
2
∓ x
2
2
]
+Ds
[
xt
x2s
]
= xt{xtt − 2xss
x3s
∓ x} = 0, (3.25)
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and the conservation law of momentum
d
dt
[xtxs] +Ds
[
2
xs
− x
2
t
2
∓ x
2
2
]
= xs{xtt − 2xss
x3s
∓ x} = 0. (3.26)
The conservation law of mass is just the symmetry of second derivatives relation, i.e.
dxs
dt
−Ds(xt) = xts − xst = 0.
According to the classification provided in [31], in addition to conservation laws of mass,
energy and momentum, there are two more conservation laws in the parabolic bottom case.
In case H(x) = x
2
2
, the additional admitted generators and conservation laws are
1. et ∂
∂x
:
d
dt
[
et(x− xt)
]−Ds [etx−2s ] = −et{xtt − 2xssx3s − x} = 0; (3.27)
2. e−t ∂
∂x
:
d
dt
[
e−t(x+ xt)
]
+Ds
[
e−tx−2s
]
= e−t{xtt − 2xss
x3s
− x} = 0, (3.28)
and their counterparts in mass coordinates are
1. et
(
∂
∂x
+ ∂
∂u
− x ∂
∂η
)
:
d
dt
(et(x− u))− 1
2
Ds(e
tρ2) = et
{
dx
dt
− u
}
− et
{
du
dt
+ ρ
(
ρ− x
2
2
)
s
}
= 0; (3.29)
2. e−t
(
∂
∂x
− ∂
∂u
− x ∂
∂η
)
:
d
dt
(e−t(x+u))+
1
2
Ds(e
−tρ2) = e−t
{
dx
dt
− u
}
+e−t
{
du
dt
+ ρ
(
ρ− x
2
2
)
s
}
= 0, (3.30)
where ρ = η +H = η + x
2
2
.
In case H(x) = −x2
2
, the conservation laws are
1. sin t ∂
∂x
:
d
dt
[x cos t− xt sin t]−Ds
[
x−2s sin t
]
= − sin t{xtt − 2xss
x3s
− x} = 0; (3.31)
2. cos t ∂
∂x
:
d
dt
[x sin t+ xt cos t] +Ds
[
x−2s cos t
]
= cos t{xtt − 2xss
x3s
− x} = 0; (3.32)
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and their counterparts in mass coordinates are
1. sin t ∂
∂x
+ cos t ∂
∂u
+ x sin t ∂
∂η
:
d
dt
[x cos t− u sin t]−Ds
[
ρ2 sin t
]
= 0; (3.33)
2. cos t ∂
∂x
− sin t ∂
∂u
+ x cos t ∂
∂η
:
d
dt
[x sin t+ u cos t] +Ds
[
ρ2 cos t
]
= 0, (3.34)
where ρ = η +H = η − x2
2
.
Let us begin with a scheme for the case H(x) = x
2
2
. To obtain a conservative invariant
scheme we extend the scheme constructed in [1]
xttˇ +
1
hs−
(
(xˆsxˇs)
−1 − (xˆs¯xˇs¯)−1
)
= 0,
τ+ = τ−, hs+ = h
s
−
(3.35)
as follows,
F = xttˇ +
1
hs−
(
(xˆsxˇs)
−1 − (xˆs¯xˇs¯)−1
)− xφ(τ) = 0,
Ω : τ+ = τ−, hs+ = h
s
−,
(3.36)
where φ(τ) is an unknown function which tends to 1 as τ tends to zero, and
hs+ = s+ − s = hs, hs− = s− s− = hs.
Applying the difference variational Euler operator (see [47, 56] and Section 4 for details)
Ex =
+∞∑
k=−∞
+∞∑
l=−∞
S
+τ
k
S
+s
l ∂
∂xn−km−l
(3.37)
on the uniform mesh Ω
Ex(e±tF )|Ω = 1
τ 2
e±t(τ 2φ− eτ − e−τ + 2) = 0,
one obtains the solution, namely
φ(τ) =
2(cosh τ − 1)
τ 2
= 1 +
τ 2
12
+O(τ 4).
Thus, the invariant scheme becomes
xttˇ + D−s
(
1
xˆsxˇs
)
− 2(cosh τ − 1)
τ 2
x = 0,
τ+ = τ−, hs+ = h
s
−.
(3.38)
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Remark 3.2. It is essential for numerical computations that for H(x) = β
2
(x− c)2, where
β = const > 0 and c = const, the conservation law multipliers are e±
√
βt and
φ(τ) =
2(cosh(
√
βτ)− 1)
(
√
βτ)2
.
Similar changes should be done for H(x) = −β
2
(x− c)2.
Scheme (3.38) possesses the conservation laws of mass and energy
D
−τ
(xˆs)−D−s(x
+
t ) = 0, (3.39)
D
−τ
(x2t + x
−1
s + xˆ
−1
s ) + D−s
(
(x+t + xˇ
+
t )(xˆsxˇs)
−1 − 2(cosh τ − 1)
τ 2
xxˆ
)
= 0, (3.40)
and the difference analogues of conservation laws (3.27) and (3.28), i.e.,
D
−τ
(
x
etˆ − et
τ
− etxt
)
−D
−s
(
et
1
xˆsxˇs
)
= −et
{
xttˇ + D−s
(
1
xˆsxˇs
)
− 2(cosh τ − 1)
τ 2
x
}
= 0,
D
−τ
(
x
e−t − e−tˆ
τ
− e−txt
)
+ D
−s
(
e−t
1
xˆsxˇs
)
= e−t
{
xttˇ + D−s
(
1
xˆsxˇs
)
− 2(cosh τ − 1)
τ 2
x
}
= 0.
Notice that 1
τ
(etˆ − et) = et +O(τ) as in continuous case (et)′ = et.
By a similar procedure one arrives at the following scheme for the case H(x) = −x2
2
xttˇ + D−s
(
1
xˆsxˇs
)
− 2(cos τ − 1)
τ 2
x = 0,
τ+ = τ−, hs+ = h
s
−,
(3.41)
where
2(cos τ − 1)
τ 2
= −1 + τ
2
12
+O(τ 4).
The scheme possesses the conservation laws of mass (3.39), energy
D
−τ
(x2t + x
−1
s + xˆ
−1
s ) + D−s
(
(x+t + xˇ
+
t )(xˆsxˇs)
−1 − 2(cos τ − 1)
τ 2
xxˆ
)
= 0,
and two additional conservation laws:
D
−τ
(
xt sin t− xsin tˆ− sin t
τ
)
+D
−s
(
sin t
1
xˆsxˇs
)
= sin t
{
xttˇ + D−s
(
1
xˆsxˇs
)
− 2(cos τ − 1)
τ 2
x
}
= 0,
D
−τ
(
xt cos t− xcos tˆ− cos t
τ
)
+D
−s
(
cos t
1
xˆsxˇs
)
= cos t
{
xttˇ + D−s
(
1
xˆsxˇs
)
− 2(cos τ − 1)
τ 2
x
}
= 0.
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In order to transform the three-layer scheme into a two-layer one we apply the same
technique that was used in [1]. It consists of a special approximation of the “state equa-
tion” p = ρ2. Then, scheme (3.38) can be represented in hydrodynamic variables on two
time layers as follows
D
−τ
(
1
ρ
)
−D
−s
(
u+ + uˇ+
2
)
= 0,
D
−τ
(u) + D
−s
(Q)− 2(cosh τ − 1)
τ 2
x = 0,
xˇs + xs =
1√
pˇ
+
1√
p
=
2
ρˇ
,
xt = u, h
s
+ = h
s
−, τ+ = τ−,
(3.42)
where Q is given by the relation
1
Q
=
4
ρρˇ
− 2√
p
(
1
ρ
+
1
ρˇ
)
+
1
p
, (3.43)
and the equation
xˇs + xs =
1√
pˇ
+
1√
p
=
2
ρˇ
approximates the equation p = ρ2.
Thus, a decrease in the number of time layers of the scheme is achieved by increasing
the number of equations in the system. The two time-layer template for scheme (3.42) is
depicted in Figure 4.
Notice that x = 1
2 D−s
(xx+) on the uniform mesh, so the second equation of (3.42) can be
rewritten in the following divergent form
D
−τ
(u) + D
−s
(
Q− cosh τ − 1
τ 2
xx+
)
= 0.
Figure 4: Two-layer scheme difference template
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Similarly, scheme (3.41) can be rewritten as follows
D
−τ
(
1
ρ
)
−D
−s
(
u+ + uˇ+
2
)
= 0,
D
−τ
(u) + D
−s
(Q)− 2(cos τ − 1)
τ 2
x = 0,
xˇs + xs =
1√
pˇ
+
1√
p
=
2
ρˇ
,
xt = u, h
s
+ = h
s
−, τ+ = τ−,
(3.44)
where Q is given by (3.43).
The difference analogues of conservation laws (3.29) and (3.30) of scheme (3.42) are as
follows,
D
−τ
(
x
etˆ − et
τ
− etu
)
−D
−s
(
etQ
)
= 0, (3.45)
D
−τ
(
x
e−t − e−tˆ
τ
− e−tu
)
+ D
−s
(
e−tQ
)
= 0. (3.46)
The difference analogues of conservation laws (3.33) and (3.34) of scheme (3.44) are
D
−τ
(
x
sin tˆ− sin t
τ
− u sin t
)
−D
−s
(Q sin t) = 0, (3.47)
D
−τ
(
x
cos tˆ− cos t
τ
− u cos t
)
−D
−s
(Q cos t) = 0. (3.48)
Remark 3.3. In the present section we have extended scheme (3.35) to the case of a
parabolic bottom. Scheme (3.35) can be successfully extended to the case of the linear bottom
H(x) = C1x+ C2
as well:
xttˇ +
1
hs−
(
(xˆsxˇs)
−1 − (xˆs¯xˇs¯)−1
)− C1 = 0,
τ+ = τ−, hs+ = h
s
−
It was stated in [1] that the latter scheme is related to (3.35) by the following transformation
x = x˜+
C1
2
ttˆ, t = t˜, s = s˜. (3.49)
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Remark 3.4. According to the content of Table 1 and Table 2, no additional (differential or
finite-difference) conservation laws occur in Eulerian coordinates in the case of the bottom
H(x) = xc, c = const 6= 0, 1, 2.
In contrast to Eulerian coordinates, in Lagrangian coordinates an additional differential
conservation law occurs for c = −4/3 (see [31] for details). In Lagrangian coordinates, a
finite-difference analogue of that conservation law may exist for some difference scheme. We
leave this very particular case out of consideration here.
4. Conservative invariant scheme for an arbitrary bottom shape in Eulerian
coordinates
An analysis of finite-difference invariants (3.11) and (3.20) for the flat and parabolic
bottom topography indicates that it is unlikely possible to construct invariant schemes on
orthogonal meshes in Eulerian coordinates. In contrast, Lagrangian coordinates allow one to
construct invariant schemes on uniform orthogonal meshes. In [1] the authors constructed
invariant conservative schemes in Lagrangian coordinates for the flat bottom topography.
However, the authors faced some difficulties in constructing schemes for an arbitrary bottom
topography. Apparently, in that case it is only possible to construct schemes that preserve
mass and either energy or momentum.
Here we show that in Eulerian coordinates it is possible to construct schemes that possess
conservation laws of mass, momentum and energy simultaneously.
Notice that according to the content of Table 1, the only generator admitted by the
equations is the time shift generator ∂
∂t
and, therefore, the only restriction imposed by the
invariance is that the scheme can not explicitly depend on the variable t. Thus, we can only
stay focused on constructing conservative schemes. In order to construct such schemes, we
use the finite-difference analogue of the direct method [58, 60]. The difference analogue of
the direct method is useful both in obtaining conservation laws of known difference schemes,
and in constructing new conservative difference schemes provided with certain preliminary
assumptions on their forms. The approach can be fairly effective when considering polyno-
mial schemes or schemes that are some rational functions defined on the chosen difference
stencil. The polynomial schemes approach was successfully applied by the authors in [1, 61].
The method is also used in Section 3.2 above for schemes (3.38) and (3.41).
The key idea of the direct method is to apply the variational Euler operator (3.37) on
a uniform orthogonal mesh to some difference approximation (a family of schemes) with
undetermined coefficients which should be expressed in a divergent form. Under the action
of operator (3.37) any finite-difference divergent expression vanishes that allows one to find
the coefficients and since to obtain specific schemes and their conservation laws.
Consider the shallow water equations (2.1), (2.2) and their conservation law of en-
ergy (2.15)
Dt
[
u2(η +H) + η2
]
+Dx
[
u(η +H(x))(u2 + 2η)
]
= 0
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in the following form
µ1(ηt + ((η +H(x))u)x)− µ2(ut + uux + ηx) = 0, (4.1)
where
µ1 = η +
u2
2
and µ2 = (η +H(x))u (4.2)
are the conservation law multipliers (or integrating multipliers).
We approximate equations (2.1), (2.2) on the 4-point stencil (3.10) by finite-difference
polynomials
F1[u, η,H] = D
+τ
(p1η
n
m+(1−p1)ηnm+1)+D
+h
( ∑
06k,p61
wk+1,p+1(η
n+k
m +H(xm))u
n+p
m
)
= 0, (4.3)
and
F2[u, η] = D
+τ
(q1u
n
m + (1− q1)unm+1)
+ D
+h
(
1
2
(z11(u
n
m)
2 + z12u
n
mu
n+1
m + z22(u
n+1
m )
2) + q2η
n
m + (1− q2)ηn+1m
)
= 0, (4.4)
and the integrating multipliers µ1 and µ2 by the following expressions
M1[u, η] =
∑
06k,l61
Bk+1,l+1η
n+k
m+l +
1
2
∑
06k,l,p,q61
ak+1,l+1,p+1,q+1u
n+k
m+lu
n+p
m+q, (4.5)
M2[u, η,H] =
∑
06k,l,p,q61
bk+1,l+1,p+1,q+1(η
n+k
m+l +H(xm))u
n+p
m+q, (4.6)
where pi, qi, Bij, zij, wij, aijkl and bijkl are some constant undetermined coefficients.
It follows from the form of the chosen approximation that the constants are related by∑
i,j,k,l
aijkl = 1,
∑
i,j,k,l
bijkl = 1,
∑
i,j
Bij = 1,
∑
i,j
zij = 1. (4.7)
For example the last relation means
z11(u
n
m)
2 + z12u
n
mu
n+1
m + z22(u
n+1
m )
2 ∼ u2.
Obviously, approximation (4.3), (4.4) for any set of coefficients admits the generator ∂
∂t
,
i.e., the scheme is a invariant one.
According to the direct method, we require
Eu(M1F1 +M2F2) ≡ 0, Eη(M1F1 +M2F2) ≡ 0, (4.8)
where
M1F1 +M2F2 = 0 (4.9)
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approximates the conservation law of energy (4.1). Notice that equations (4.3), (4.4) are
conservative by construction, i.e., the conservation laws of momentum and mass hold.
Considering (4.8) and taking (4.7) into account, we obtain several sets of relations on the
coefficients pi, qi, Bij, zij, wij, aijkl, bijkl. It can be shown by means of (4.7) that these sets
are not independent. Thus, without loss of generality, we consider only one set of relations,
namely:
B12 = B22, a1112 = −a1211, a1121 = −a2111, a1122 = −a2211,
a1212 = 2b2111, a1221 = −a2112, a1222 = 2B22z12 − a2212, a2122 = −a2221,
a2222 = 4B22w11 − 2B22z12, b1111 = 2B22w11, b1121 = 2B22w11 −B22z12,
b2121 = B22z12 + b2111, q1 = 1, q2 =
1
2
, w12 = w11 − 12z12, w21 = b21112B22 ,
w22 =
B22z12+b2111
2B22
, z11 =
b2111
B22
, z22 = 2w11 − z12,
(4.10)
where B22, a1211, a2111, a2112, a2211, a2212, a2221, b2111, w11 and z12 are arbitrary provided
relations (4.7), and the rest coefficients are zero.
Substituting (4.10) into (4.3)–(4.6) and then expanding the resulting expressions into
series, we derive that
F1 ∼ ηt + 2B22w11+b2111B22 ((η +H)u)x , F2 ∼ ut + ηx + 2B22w11+b2111B22 uux,
M1 ∼ (2B22w11 + b2111)u2 + 2B22η, M2 ∼ 2u(η +H)(2B22w11 + b2111).
(4.11)
Analyzing (4.11), we conclude that it should be
w11 + b2111 = B22 =
1
2
. (4.12)
Finally, the coefficients z12 and w11 remain arbitrary, and the multipliers M1 and M2 are
M1 =
1
2
[
(2w11 − z12)(un+1m+1)2 + z12unm+1un+1m+1 + (1− 2w11)(unm+1)2 + ηnm+1 + ηn+1m+1
]
, (4.13)
M2 =
1
2
[
(unm + u
n+1
m )H + ((1 + z12 − 2w11)ηn+1m + (2w11 − z12)ηnm)un+1m
+ ((1− 2w11)ηn+1m + 2w11ηnm)unm
]
.
(4.14)
The conservation law of energy (4.9) possesses the form
1
2
{
D
+τ
(
η+
2 + (η +H)u2 + w11τ D
+h
(Hu3)
)
+ D
+h
(
(ηˆ +H)
u+ uˆ
2
(u2 + η + ηˆ) + h D
+τ
(η)u2
− 2τ 2
[
(u+ uˆ)2w211 − (u+ uˆ)uˆw11z12 +
1
4
uˆ2z212
]
D
+τ
(η)D
+τ
(u) + Θ1w11 + Θ2z12
)}
= 0,
(4.15)
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where
Θ1 = τuuˆ D
+τ
(u)H − [ηˆ2 + (2u2 − uˆ2)ηˆ − (u2 + η)η] (u+ uˆ) + hτ(u+ uˆ)D
+τ
(η)D
+τ
(u),
Θ2 =
uˆ
2
[
(u2 − uˆ2)H + ηˆ2 + (2u2 − uˆ2)ηˆ − (u2 + η)η]− hτuˆ D
+τ
(η)D
+τ
(u).
Thus, the two-parametric (z12 and w11) family of conservative invariant schemes has been
obtained.
Here we consider two particular cases of scheme (4.3), (4.4).
1. To eliminate the terms depending on τ , in (4.15) we set w11 = 0 and z12 = 0. As a
result, we derive the following scheme
D
+τ
(η+) +
1
2 D
+h
((uˆ+ u)(ηˆ +H)) = 0,
D
+τ
(u) + 12 D
+h
(
u2 + ηˆ + η
)
= 0.
(4.16)
The latter scheme possesses the conservation law of energy
1
2
(u2+ + η+ + ηˆ+)
{
D
+τ
(η+) + D
+h
(
u+ uˆ
2
(ηˆ +H)
)}
+
(ηˆ +H)(u+ uˆ)
2
{
D
+τ
(u) +
1
2
D
+h
(
u2 + η + ηˆ
)}
=
1
2
{
D
+τ
(
u2(η +H) + η2+
)
+ D
+h
(
(ηˆ +H)
u+ uˆ
2
(u2 + η + ηˆ) + h D
+τ
(η)u2
)}
= 0
as well as conservation laws of mass and momentum. Scheme (4.16) is the sim-
plest scheme of the considered family as it corresponds to zero-valued parameters w11
and z12.
2. To give the difference system a slightly more symmetric form we can set w11 =
1
2
and z12 = 1 and derive the scheme
D
+τ
(η+) +
1
2 D
+h
(ηu+ ηˆuˆ+ (uˆ+ u)H) = 0,
D
+τ
(u) + 12 D
+h
(uuˆ+ ηˆ + η) = 0.
(4.17)
This scheme possesses the conservation laws of mass and momentum and the conser-
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vation law of energy
1
2
(uˆ+u+ + ηˆ+ + η+)
{
D
+τ
(η+) +
1
2
D
+h
(ηu+ ηˆuˆ+ (uˆ+ u)H)
}
+
1
2
(uˆηˆ + uη + (uˆ+ u)H)
{
D
+τ
(u) +
1
2
D
+h
(uuˆ+ ηˆ + η)
}
=
1
2
D
+τ
(
u2(η +H) + η2+
)
+
1
4
D
+h
{
(uuˆ+ηˆ+η) (uˆηˆ + uη + (uˆ+ u)H)+2huuˆD
+τ
(η)
}
= 0.
(4.18)
Notice that the schemes obtained are not unique.
Remark 4.1. In terms of variable ρ = η + H one can rewrite equations (2.1), (2.2) as
follows
ηt + (ρu)x = 0,
ut + uux + ρx = H
′.
Then, scheme (4.16) becomes
D
+τ
(ρ+) +
1
2 D
+h
((uˆ+ u)ρˆ) = 0,
D
+τ
(u) + 12 D
+h
(
u2 + ρˆ+ ρ
)
= D
+h
(H),
and scheme (4.17) possesses the form
D
+τ
(ρ+) +
1
2 D
+h
(ρu+ ρˆuˆ) = 0,
D
+τ
(u) + 12 D
+h
(uuˆ+ ρˆ+ ρ) = D
+h
(H).
The latter forms of the equations look simpler than the original ones.
Remark 4.2. In case of a flat bottom, the shallow water equations admit the genera-
tor ∂
∂x
(which is a particular case of the generator X1∞ — see Table 1), and the corresponding
conservation law (of momentum) is
u(ηt + ηux + uηx) + η(ut + uux + ηx) = Dt(uη) +Dx
(
ηu2 +
η2
2
)
= 0. (4.19)
It can be shown by a procedure similar to that described above that there are no polynomial
schemes of form (4.3), (4.4) possessing the difference analogue of conservation law (4.19)
with integrating multipliers linear by u and η.
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5. Numerical implementation of invariant conservative schemes in Eulerian co-
ordinates
In the present section we consider scheme (4.17) and analyze some of its numerical
properties. Then we compare the scheme with a modified scheme which does not preserve
energy.
5.1. Implementation of scheme (4.17)
Let us rewrite scheme (4.17) in index form as follows
ηn+1m+1 − ηnm+1 + a
[
ηnm+1u
n
m+1 + η
n+1
m+1u
n+1
m+1 − ηnmunm − ηn+1m un+1m
+(un+1m+1 + u
n
m+1)H(xm+1)− (un+1m + unm)H(xm)
]
= 0,
un+1m − unm + a
[
unm+1u
n+1
m+1 − unmun+1m + ηn+1m+1 − ηn+1m + ηnm+1 − ηnm
]
= 0,
(5.1)
where a = τ/(2h) and Hk = H(xk).
On the uniform orthogonal mesh
(x0, . . . , xM)× (t0, . . . , tN),
xk+1 − xk = h = const, k = 0, . . . ,M − 1,
tl+1 − tl = τ = const, l = 0, . . . , N − 1,
according to (5.1), we choose the following iterative process
(j+1)
ηm = η
n
m − a
[
ηnmu
n
m +
(j)
η m
(j)
um − ηnm−1unm−1 − ηn+1m−1
(j)
um−1
+(
(j)
um + u
n
m)Hm − (
(j)
um−1 + unm−1)Hm−1
]
,
(j+1)
um−1 = unm−1 − a(unm
(j)
um − unm−1
(j)
um−1 + ηn+1m + η
n
m − ηn+1m−1 − ηnm−1),
m = 1, . . . ,M, n = 0, . . . , N − 1, j = 0, 1, 2, . . . ,
(5.2)
where Hk = H(x0 + kh). Here for the p
th time layer (p = 1, 2, . . . ) we put
(0)
u k = u
p−1
k ,
(0)
η k = η
p−1
k , k = 0, . . . ,M,
and the values
ηp0, u
p
M , p = 0, . . . , N
are determined by the initial and boundary conditions.
The iterative process is continued until
max
{
max
k
∣∣∣(j+1)u k − (j)u k∣∣∣,max
k
∣∣∣(j+1)η k − (j)η k∣∣∣} < ,
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for some j > 0 and some fixed  (0 <   1). Further on we choose  = 10−6 for all the
problems.
We also consider the viscous versions of the schemes, where the values in the process (5.2)
are modified as follows
(j+1)
ηm 7→ (j+1)ηm − ντD−h(ηm),
(j+1)
um 7→ (j+1)um − ντD−h(ηmum), m > 2, (5.3)
and ν is a linear artificial viscosity coefficient. Introducing artificial viscosity often allows
one to decrease oscillations of numerical solutions. For brevity, schemes without artificial
viscosity will also be called inviscid schemes.
Further we state the problems for the schemes on the river segment x ∈ [0, L], where
L = 100. The interval L is uniformly divided into subintervals by the space step h = 0.1.
We choose the time step τ = 0.1h = 0.01.
The parabolic bottom is defined as
H(x) = d1
(
2
L
)2(
x− L
2
)2
, (5.4)
where d1 is the depth of the fluid between the center of the parabola and some chosen zero
level. We choose d1 = 10 throughout.
We consider, as the starting point, a stationary solution of the scheme (5.2) for zero
initial velocities of the fluid particles. It is depicted in Figure 5. The height of the free
surface above the chosen zero level is η = 5. The conservation law of energy is held at any
point, so its plot is trivial and we do not provide it here.
Figure 5: Parabolic bottom, a stationary solution (no fluid flows).
Recall that ρ = η+H is the depth of the fluid above the bottom; in all the pictures it is
filled with light gray colour. Notice also that the plots in Figures 6–8 are scaled along the
vertical axis. This allows one to see the free surface profiles in more detail.
Next we consider the dam-break problem for the parabolic bottom shape (see Figure 6).
The dam is located in the center x = L/2 of the river segment. At the initial moment of
time the free surface heights to the left and to the right of the dam are ηL = 2 and ηR = 0.5
appropriately. Notice that the border between left and right segments has been intentionally
smoothed (between 8 points). We consider local conservation laws, in order to avoid jump
discontinuities in the initial conditions.
In Figure 7, the solutions obtained by the iterative processes (5.2) are depicted for the
schemes with and without artificial viscosity for t = 5. The conservation of energy control
values |δε| are calculated as absolute values of deviations of the finite-difference conservation
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Figure 6: Parabolic bottom. The initial state (t = 0) of the dam-break problem.
law of energy from the zero value on actual solutions of the scheme. We see from Figure 7
that |δε| takes on much greater values for the inviscid scheme.
Finally, we consider the dam-break problem for a sinusoidal bottom shape, namely
H(x) = d2 cos
2(2pix/L) , (5.5)
where we choose d2 = 2.0, ηL = 2.5 and ηR = 0.5. The solution of the problem and the
deviation |δε| at t = 5.0 for a viscous version of the scheme is given in Figure 8.
5.2. Comparison with a modified non-conservative scheme
In this section, we slightly modify scheme (4.17) so that it no longer possesses one of the
conservation laws, namely the conservation law of energy. For this purpose, we change some
constant coefficients as follows (the modified terms are underlined)
D
+τ
(η+) +
1
2 D
+h
(ηu+ ηˆuˆ+ (uˆ+ u)H) = 0,
D
+τ
(u) + 1
2 D
+h
(
uuˆ+ 1
2
ηˆ + 3
2
η
)
= 0.
(5.6)
Consequently, the conservation law of energy (4.18) transforms into the following non-
divergent equation
1
2
D
+τ
(
u2(η +H) + η2+
)
+
1
4
D
+h
{
(uuˆ+ ηˆ + η) (uˆηˆ + uη + (uˆ+ u)H) + 2huuˆD
+τ
(η)
}
=
=
τ
4
(uˆηˆ + uη + (uˆ+ u)H) ηtx. (5.7)
According to the results obtained in Section 4, scheme (5.6) does not possess a local polyno-
mial conservation law of energy. It seems natural to consider (5.7) as a conservation law of
energy approximation for scheme (5.6). The right-hand side of (5.7) essentially contributes
to the energy dissipation of the scheme, especially near high gradients of η. Notice that its
terms cannot be represented as divergent expressions. One can check this buy applying the
Euler variational operator to the right-hand side of (5.7) which should be zero in case of a
divergent term.
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Figure 7: Parabolic bottom. Solution of the dam-break problem at t = 5.0.
Left: the inviscid version of the scheme. Right: the scheme with artificial viscosity (ν = 0.08).
Free surface profiles are depicted on the top, and the conservation law of energy control values |δε| are
depicted at the bottom of the figure.
In Figure 9 the values of |δε| are given for inviscid versions of schemes (4.17) and (5.6)
for the example of the dam-break problem at t = 1.0. Evidently, the deviation |δε| for
scheme (5.6) significantly exceeds the deviation value for scheme (4.17).
In addition we measure the change of the total energy with time without regard to a
particular scheme. For this purpose, in accordance with (2.15), we consider the sum
H(n) = h
2
∑
(i)
[
ρni (u
n
i )
2 + (ηni )
2
]
(5.8)
whose value on solutions of the schemes should tend to constant in the continuous limit [47].
Recall that the value of (5.8) corresponds to the total energy for the shallow water equations
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Figure 8: Sinusoidal bottom. Solution of the dam-break problem at t = 5.0 for a scheme with artificial
viscosity (ν = 0.15). Free surface profile is depicted on the top, and the conservation law of energy control
value |δε| is depicted at the bottom of the figure.
that is given1 by the Hamiltonian [1, 10]
H˜ = 1
2
∫
(ρu2 + η2)dx. (5.9)
The relative change in energy is defined as follows
eR(n) =
|H(n)−H(0)|
|H(0)| . (5.10)
Its values (0 6 t 6 2.5) for the dam-break problem are given in Figure 10. We see that
scheme (4.17) conserves energy up to ten orders of magnitude better than scheme (5.6).
It is remarkable that by adjusting the coefficients of the underlined terms in (5.6) one can
significantly improve the profile for η even without energy conservation, but the value of eR
still remains relatively high.
1Actually, on a fixed segment a 6 x 6 b the value may differ up to a constant which depends on H.
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Figure 9: Two inviscid schemes comparison (dam-break problem at t = 1.0) for parabolic (left) and
sinusoidal (right) bottom shapes. Solid lines (—) correspond to the values of |δε| for scheme (4.17); dot
lines (· · · ) correspond to scheme (5.6).
Figure 10: Two inviscid schemes comparison (dam-break problem at t = 2.5) for parabolic (left) and
sinusoidal (right) bottom shapes. Solid lines (—) correspond to the values of log |eR| for scheme (4.17); dot
lines (· · · ) correspond to scheme (5.6). The machine precision is 10−16.
6. Numerical implementation of invariant conservative schemes for parabolic
bottom topography in Lagrangian coordinates
The following scheme for a parabolic bottom in Lagrangian coordinates is considered
xttˇ +
1
2
D
−s
(
1
xˆsxˇs
)
+ a1H
′(x) = 0,
τ+ = τ−, hs+ = h
s
−,
(6.1)
where
H(x) = d1
[(
2
L
)2(
x− L
2
)2
− 1
]
,
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and, according to Remark 3.2,
a1 =
2(cosh(
√
β1τ)− 1)
β1τ 2
, β1 = 8d1/L
2.
Here L is the length of the river segment and d1 is the height of the parabolic bottom at the
point x = L/2.
Scheme (6.1) can be obtained from scheme (3.38) by means of the following equivalence
transformations (see [31])
x 7→ ε1ε2x− ε4, t 7→ ε3t, s 7→ ε3s, H ′ 7→ −ε2H ′/(ε3)2, (6.2)
where
ε1 =
21/3L2
8d1
, ε2 =
16
√
2d
3/2
1
L3
, ε3 =
√
8d1
L
, ε4 = −25/6
√
d1.
Notice that for scheme (6.1) the conservation low of energy (3.40) has the following form
D
−τ
[
x2t +
1
2
(x−1s + xˆ
−1
s ) + a1β1
(
x− L
2
)(
xˆ− L
2
)]
+ D
−s
(
x+t + xˇ
+
t
2xˆsxˇs
)
= 0. (6.3)
The statement of initial and boundary conditions is related to the solution of the following
Cauchy problem [64]
xt(t, ξ) = u(t, x(t, ξ)), x(t0, ξ) = ξ, (6.4)
where ξ = x|t=t0 is Lagrangian label of a particle. The conservation law of mass in Lagrangian
coordinates is
ρ(t, x(t, ξ)) =
ρ0(ξ)
xξ(t, ξ)
, (6.5)
where ρ0(ξ) is an arbitatry function of integration. The mass Lagrangian coordinate s is
introduced by the relation ξ = α(s) in such a way that
ρ˜(t, s) = ρ(t, x(t, α(s))) =
1
x˜s(t, s)
. (6.6)
The sign ˜ is further omitted.
Thus, given an initial height ρ(ξ) of the fluid over the bottom H, one obtains the func-
tion α(s) by solving the Cauchy problem
ρ(α(ξ)) =
1
α′(s)
, α(0) = 0. (6.7)
The initial distribution s(x) is obtained either as inverse s = α−1(x) or directly by inte-
grating the equation
s(x)|t=t0 =
∫ x
0
ρ(ξ)dξ. (6.8)
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Numerical computations in mass Lagrangian coordinates are considered in the paper [62]
for the example of the Green-Naghdi equations in more detail.
In order to implement scheme (6.1) numerically, we represent its first equation in the
following form
xˆ− 2x+ xˇ+ hτ
2
2
(xˆ− xˆ−)(xˇ− xˇ−)− (xˆ+ − xˆ)(xˇ+ − xˇ)
(xˆ− xˆ−)(xˇ− xˇ−)(xˆ+ − xˆ)(xˇ+ − xˇ) + τ
2a1H
′(x) = 0, (6.9)
Then, we linearize equation (6.9) by representing it as the following iterative procedure
x(j+1)m − 2xnm + xn−1m + τ 2a1H ′(xnm)
+
hsτ 2
∆1
(
(x(j+1)m − x(j+1)m−1 )(xn−1m − xn−1m−1)− (x(j+1)m+1 − xˆ)(xn−1m+1 − xn−1m )
)
= 0
or
h2τ 2
∆1
(xn−1m − xn−1m−1)x(j+1)m−1 −
(
1 +
h2τ 2
∆1
(xn−1m+1 − xn−1m−1)
)
x(j+1)m
+
h2τ 2
∆1
(xn−1m+1 − xn−1m )x(j+1)m+1 = 2xnm − xn−1m − τ 2a1H ′(xnm), (6.10)
where
∆1 = 2 (x
(j)
m − x(j)m−1)(x(j)m+1 − x(j)m )(xn−1m − xn−1m−1)(xn−1m+1 − xn−1m ),
n = 2, 3, . . . , m = 2, 3, . . . , bL/hsc − 1,
and the indices (j) denote the number of iteration. System (6.10) on each iteration can be
solved with the help of tridiagonal matrix algorithm2. Notice that scheme (6.1) requires two
time layers
x0m and x
1
m, m = 1, 2, . . . , bL/hsc, (6.11)
on which the initial conditions must be specified. In the following examples, the first and
second layers can be considered equal, which greatly simplifies the setting of the initial
conditions.
6.1. A stationary flow over the parabolic bottom
Consider a stationary solution of the scheme (6.1) for zero initial velocities of the fluid
particles. This problem was considered in Eulerian coordinates in the beginning of Sec-
tion 5.1. The initial height of the fluid over the bottom is
ρ(ξ) = η − d1
(
2
L
)2 [(
ξ − L
2
)2
−
(
L
2
)2]
. (6.12)
2See details on this well-known method and its stability conditions, for example, in [66]. It is easy to
verify that the stability conditions of the algorithm are satisfied for system (6.10).
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The numerical solution of the Cauchy problem (6.7) is given in Figure 11. This allows one
to specify the initial distribution of the fluid particles.
Figure 11: The relation x(s) on the segment 0 6 x 6 L.
In case of zero initial velocities, the values of x on layers (6.11) coincide, and thus the
initial conditions can easily be posed. The stationary flow for η = 5, d1 = 10, h
s = 0.1
and L = 100 is depicted in Figure 12. Notice that mass particles are located the denser to
another the closer they are to the center of the parabolic bottom.
Figure 12: The flow of the particles x(t) for 0 6 t 6 5.
6.2. The dam-break problem over the parabolic bottom
Consider the dam-break problem which was stated in Section 5.1. In order to integrate (6)
analytically and to provide smoother initial data for the scheme, we approximate the initial
free surface profile by the function
η(ξ) = ηL − ηR − ηL
1 + exp (σ1(L/2− ξ)) , (6.13)
where σ1 = 20 is the curve steepness coefficient, and the constants ηL = 2 and ηR = 0.5 are
given in Figure 13 (right). As in the pervious example, we put d1 = 10 and L = 100.
The solution of the corresponding Cauchy problem (6.7) is given in Figure 13 (left). This
solution corresponds to the layer x0m of (6.11). The second time layer has the same values as
we set the initial velocities to zero and considering the behavior of the liquid under gravity.
Notice that in mass Lagrangian coordinates the bottom function H˜(s) = H(x(s)) may differ
from the function H(x) in Eulerian coordinates (see the right side of Figure 13).
The resulting flow of the fluid particles for t = 1, hs = 0.25 and τ = 0.00125 is given in
Figure 14.
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Figure 13: The relation x(s) on the segment 0 6 x 6 L (left) and the bottom profile H˜(s) = H(x(s))
in Lagrangian coordinates (right).The dashed line demonstrates the asymmetry of the bottom profile in
case of Lagrangian coordinates. This asymmetry occurs due to large discontinuity in the initial data.
Figure 14: The flow of the particles x(t) for the parabolic bottom (0 6 t 6 1). The dashed lines outline the
characteristics of the flow.
Along with scheme (6.1) we consider its viscous version which includes an artificial linear
viscosity term [65]. In hydrodynamic coordinates this term is proportional to ρus, and in
mass Lagrangian coordinates, by means of (3.15), it should be proportional to xts/xs. Var-
ious finite-difference representations for artificial viscosity term are possible and we choose
the following one
xttˇ +
1
2
D
−s
(
1
xˆsxˇs
)
+ a1H
′(x)− ν xˇts
xs
= 0,
τ+ = τ−, hs+ = h
s
−,
(6.14)
where ν ∼ h is some constant linear viscosity coefficient.
The solutions of the dam-break problem at t = 1 for schemes (6.1) and (6.14) are
presented in Figures 15 and 16. The results of the numerical calculations are similar to the
results obtained in Eulerian coordinates for the case of parabolic bottom topography.
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Figure 15: Parabolic bottom. Solution ρ = 1/xs of the dam-break problem at t = 1 for the inviscid scheme
on the segment 350 6 s 6 550. Free surface profile is depicted on the top, and the conservation law of
energy control value |δε| (in logarithmic scale) is depicted at the bottom of the figure.
Figure 16: In contrast with the results presented in Figure 15, a scheme with artificial viscosity (ν = h)
allows one to get a better free surface profile. At the same time, the energy is not so well conserved.
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7. Conclusion
Invariant finite-difference schemes for the shallow water equations in Lagrangian co-
ordinates for the cases of flat bottom, inclined and arbitrary bottom topographies were
considered in [1]. In the present paper this research is extended to the schemes for parabolic
bottom topography. Invariant schemes which possess the conservation laws of mass, en-
ergy, momentum and center-of-mass law, as well as two additional conservation laws, are
constructed on three time layers. It is shown that the schemes can be written on two time
layers in terms of hydrodynamic variables. A numerical implementation of one of the schemes
in Lagrangian coordinates, as well as its version with pseudo-viscosity, is performed. The
dam-break problem is considered as the main example. Calculations show that energy is well
conserved on the obtained solutions, while the conservation of energy depends significantly
on the pseudo-viscosity value.
The main part of the publication is devoted to the construction of difference schemes
in Eulerian coordinates for an arbitrary bottom topography. By means of a finite-difference
analogue of the direct method, an invariant conservative scheme is constructed on a uniform
orthogonal mesh. This scheme possesses difference analogues of all the differential conserva-
tion laws: mass, energy, momentum conservation and center-of-mass law. Using the example
of the dam-break problem, a numerical analysis of the constructed scheme is carried out. It
is shown that the constructed scheme has obvious advantages in conservativity: even a small
modification of the scheme can significantly worsen energy preservation.
On the basis of the classifications [30, 31] symmetries and conservation laws in Eulerian
and Lagrangian coordinates for the finite-difference cases are presented in Tables 1 and 2.
These tables cover both the schemes considered in the present paper and in the paper [1].
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Table 1: Symmetries and conservation laws for differential systems in Eulerian coordinates
# Bottom H
Symmetries of differential
system (2.1),(2.2)
Related differential
conservation laws
–
arbitrary
H(x)
X1 =
∂
∂t
Mass and momentum conservation;
X1
Energy conservation:
Dt(u
2(η +H) + η2)
+Dx((η +H)(u
3 + 2uη)) = 0
1 0
X12 = t
∂
∂t
+ x ∂
∂x
,
X13 = x
∂
∂x
+ u ∂
∂u
+ 2η ∂
∂η
,
X14 = t
∂
∂x
+ ∂
∂u
,
X15 =
(
1
2
x− 3
2
tu
)
∂
∂t
+
(
3
2
tη − 3
4
tu2
)
∂
∂x
+
(
1
4
u2 + η
)
∂
∂u
+ uη ∂
∂η
X1∞ = w1
∂
∂t
+ (uw1(u, η) + w2(u, η))
∂
∂x
(X1∞ ⊃ ∂∂x)
Mass and momentum conservation;
X1 Energy conservation
∂
∂x
Dt(uη) +Dx(u
2η + 1
2
η2) = 0
2 x Can be transformed to the flat bottom by (2.3)
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Table 1 Continued from previous page
# Bottom H
Symmetries of differential
system (2.1),(2.2)
Related differential
conservation laws
3 1
2
x2
X32 = x
∂
∂x
+ u ∂
∂u
+ 2η ∂
∂η
,
X33 = e
t
(
∂
∂x
+ ∂
∂u
− x ∂
∂η
)
,
X34 = e
−t
(
∂
∂x
− ∂
∂u
− x ∂
∂η
)
Mass and momentum conservation;
X1 Energy conservation
X33
Dx
[
et
(
u(x− η)(η + x2
2
)− η
2
(η + x2)
)]
+Dt
[
et
(
xη − u(η + x2
2
)
)]
= 0
X34
Dx
[
e−t
(
u(x+ η)(η + x
2
2
) + η
2
(η + x2)
)]
+Dt
[
e−t
(
xη + u(η + x
2
2
)
)]
= 0
4 −1
2
x2
X42 = x
∂
∂x
+ u ∂
∂u
+ 2η ∂
∂η
,
X43 = cos t
∂
∂x
− sin t ∂
∂u
+ x cos t ∂
∂η
,
X44 = sin t
∂
∂x
+ cos t ∂
∂u
+ x sin t ∂
∂η
Mass and momentum conservation;
X1 Energy conservation
X43
Dt
[
u(η − x2
2
) sin t− ηx cos t]
+Dx
[ (
u2(η − x2
2
) + η
2
(η − x2)
)
sin t
−xu(η − x2
2
) cos t
]
= 0
X44
Dt
[− u(η − x2
2
) cos t− ηx sin t]
+Dx
[− (u2(η − x2
2
) + η
2
(η − x2)
)
cos t
−xu(η − x2
2
) sin t
]
= 0
5
xc,
c 6= 0, 1, 2
X52 = (2− c)t ∂∂t + 2x ∂∂x + cu ∂∂u + 2cη ∂∂η Mass, momentum and energy (X1) conservation
6 ex X62 = t
∂
∂t
− 2 ∂
∂x
− u ∂
∂u
− 2η ∂
∂η
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Table 1 Continued from previous page
# Bottom H
Symmetries of differential
system (2.1),(2.2)
Related differential
conservation laws
7
c ln |x|,
c 6= 0
X72 = t
∂
∂t
+ x ∂
∂x
− c ∂
∂η
Mass, momentum and energy (X1) conservation
Table 2: Symmetries and conservation laws for finite-difference systems in Eulerian and Lagrangian coordinates
# Bottom H
Eulerian coordinates Lagrangian coordinates
Symmetries Conservation laws Symmetries Conservation laws
–
arbitrary
H(x)
X1 =
∂
∂t
Scheme (4.16):
Energy, momentum
and mass conservation;
D
+τ
(
u2(η +H) + η2+
)
+
+D
+h
[
h D
+τ
(η)u2 + 1
2
(ηˆ +H)×
×(u+ uˆ)(u2 + η + ηˆ)
]
= 0
∂
∂t
, ∂
∂s
Mass and momentum conservation
or
mass and energy conservation —
see schemes in [1]
1 0 X12 , X
1
3 ,
∂
∂x
∂
∂x
, t ∂
∂x
,
3t ∂
∂t
+ 2x ∂
∂x
,
3s ∂
∂s
+ x ∂
∂x
Mass, center of mass, momentum
and energy conservation —
see scheme (3.35)
2 x X22 Conservative scheme connected with scheme (3.35) by (3.49)
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Table 2 continued from previous page
# Bottom H
Eulerian coordinates Lagrangian coordinates
Symmetries Conservation laws Symmetries Conservation laws
3 x
2
2
X32
Energy, momentum
and mass conservation;
No additional conservation
laws
X32 ,
et ∂
∂x
,
e−t ∂
∂x
Mass and energy conservation, and
D
−τ
(xD
+τ
(et)− etxt)−D−s ((xˆsxˇs)
−1et) = 0,
D
−τ
(xD
+τ
(e−t) + e−txt)−D−s ((xˆsxˇs)
−1e−t) = 0.
See scheme (3.38)
4 −x2
2
X42
X42 ,
sin t ∂
∂x
,
cos t ∂
∂x
Mass and energy conservation, and
D
−τ
(xD
+τ
(sin t)− xt sin t)−D−s ((xˆsxˇs)
−1 sin t) = 0,
D
−τ
(xD
+τ
(cos t)− xt cos t)−D−s ((xˆsxˇs)
−1 cos t) = 0.
See scheme (3.41)
5 xc,
c 6= 0, 1, 2
X52 X
5
2
Mass and energy conservation.
An additional conservation
law may exist for H = x−4/3
only (see Remark 3.4)
6 ex X62
Mass and momentum conservation
or
mass and energy conservation —
see schemes in [1]
7
c ln |x|,
c 6= 0
X72
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